In this note, we first prove that the solution of mean curvature flow on a finite time interval [0, T ) can be extended over time T if the space-time integration of the norm of the second fundamental form is finite. Secondly, we prove that the solution of certain mean curvature flow on a finite time interval [0, T ) can be extended over time T if the space-time integration of the mean curvature is finite. Moreover, we show that these conditions are optimal in some sense.
Introduction
Let M be a complete n-dimensional manifold without boundary, and let F t : M n → R n+1 be a one-parameter family of smooth hypersurfaces immersed in Euclidean space.
We say that M t = F t (M ) is a solution of the mean curvature flow if F t satisfies ∂ ∂t F (x, t) = −H(x, t) − → ν (x, t) F (x, 0) = F 0 (x), (see [5] , [6] ) showed that for a smooth complete initial hypersurface with bounded second fundamental form the solution exists on a maximal time interval [0, T ), 0 < T ≤ ∞. If the closed initial hypersurface is convex, he showed that in [6] the mean curvature flow will converge to a round point in finite time. He also proved that if the second fundamental form is uniformly bounded, then the mean curvature flow can be extended.
By a blow up argument, N.Šešum [9] proved that if the Ricci curvature is uniformly bounded on M × [0, T ), then the Ricci flow can be extended over T . In [10] , B. Wang obtained some integral conditions to extend the Ricci flow. A natural question is that, what is the optimal condition for the mean curvature flow to be extended? By a different method, we investigate the integral conditions to extend the mean curvature flow. We will prove that the mean curvature flow can be extended if the integration of the norm of the second fundamental form is bounded. More preciously, we obtain the following Theorem 1.1. Let F t : M n −→ R n+1 be a solution of the mean curvature flow of closed hypersurfaces on a finite time interval [0, T ). If
for some α ≥ n + 2, then this flow can be extended over time T .
When the space-time integration of the mean curvature is finite and the second fundamental tensor is bounded from below, we also prove the following theorem. Theorem 1.2. Let F t : M n −→ R n+1 be a solution of the mean curvature flow of closed hypersurfaces on a finite time interval [0, T ). If
then this flow can be extended over time T .
When the initial hypersurface is mean convex, we have following Theorem 1.3. Let F t : M n −→ R n+1 be a solution of the mean curvature flow of closed hypersurfaces on a finite time interval [0, T ). If
The following example shows that the condition α ≥ n + 2 in Theorem 1.1, 1.2 and 1.3 is optimal.
Example. Set S n = {x ∈ R n+1 : 
and h ij (t) ≥ 0. Hence
where C 1 is a positive constant. It follows that
This implies that the condition α ≥ n + 2 in Theorem 1.2 and Theorem 1.3 is optimal.
Since F (t) is an umbilical hypersurface in
So the condition α ≥ n + 2 in Theorem 1.1 is also optimal.
2 Mean curvature flow with finite L α norm of A
In this section, we extend the mean curvature flow with finite L α norm of the second fundamental form, and give the proof of Theorem 1.1.
Proof of Theorem 1.1. By Hölder's inequality,
Thus it is sufficient for us to prove the theorem in the case where
We argue by contradiction.
Suppose that T (< ∞) is the maximal existence time. Firstly we choose a sequence of time t (i) such that lim i→∞ t (i) = T . Then we take a sequence of points
where
Putting
, we consider the rescaling mean curvature flow:
Then the induced metric on M by the immersion
From [2] , there exists a subsequence of (M, g (i) (t), x (i) ) that converges to a Riemannian manifold (M , g(t), x), t ∈ (−∞, 0], and the corresponding subsequence of immer-
The equality in (3) holds because
) is a smooth Riemannian manifold for each t ≤ 0, the equality in (3) implies that |A| ≡ 0 on B g(0) (x, 1) × [−1, 0]. In particular, |A|(x, 0) = 0. However, the points selecting process implies that
which is a contradiction. This completes the proof of Theorem 1.1.
By a similar argument, we prove that if lim t→T M |A| α dµ 1 α < +∞, the mean curvature flow can be extended over time T .
Theorem 2.1. Let F t : M n −→ R n+1 be a solution of the mean curvature flow of closed hypersurfaces on a finite time interval [0, T ). If
for some α ≥ n, then this flow can be extended over time T .
Proof. It is sufficient for us to prove the theorem in the case where α = n, and we argue by contradiction again.
Suppose that T (< ∞) is the maximal existence time. Let (
and (M , g(t), x) be the same as in the proof of Theorem 1.1. Since M |A| n dµ is invariant under the rescaling QF (x, t), we have
The equality in (5) holds because lim t→T M |A| α dµ
The equality (5) implies that |A| ≡ 0 on the ball B g(0) (x, 1). In particular, |A|(x, 0) = 0. On the other hand, the points selecting process implies that
The contradiction completes the proof. It is easy to check that the the condition α ≥ n is optimal.
3 Mean curvature flow with finite total mean curvature
In this section we prove Theorem 1.2. We first recall some evolution equations (see [3] , [14] ).
Lemma 3.1. Let g = {g ij } and A = {h ij } be the metric and the second fundamental form on M , and denote by H = g ij h ij , |A| 2 = h ij h ij the mean curvature and the squared norm of the second fundamental form respectively, then
The following Sobolev inequality can be found in [8] and [12] . 
, and σ n is the volume of the unit ball in
The following estimate is very useful in the proof of Theorem 1.2. 
, where C 2 is a constant depending on n, T 0 and sup (x,t)∈M ×[0,T 0 ] |A|.
Proof. The evolution equation of H
Since |A| is bounded, we obtain the following estimate from (7).
where β is a constant depending only on sup (x,t)∈M ×[0,T 0 ] |A|.
Denoting f = H 2 , from the inequality in (8) we obtain that for any p ≥ 2,
For any 0 < τ < τ ′ < T 0 , define a function ψ on [0, T 0 ]:
Then by (9) we have
For any t ∈ [τ ′ , T 0 ], integrating both sides of the inequality in (10) on [τ, t] we get
For the integral
, by Schwarz inequality and Sobolev inequality in Lemma 3.2, we have
For the third factor on the right hand side, we have from (11)
, and D =
. The above inequality can be rewritten as
As k → +∞, we conclude
Therefore, for any (
2 , T 0 ], we get from (13)
, where C 2 is a constant depending on n, T 0 and sup
, which is desired.
We are now in a position to prove Theorem 1.2.
Proof of Theorem 1.2. We only need to prove the theorem for α = n + 2 since by Hölder's inequality, ||H|| α,M ×[0,T ) < ∞ implies ||H|| n+2,M ×[0,T ) < ∞ if α > n + 2. We still argue by contradiction.
Suppose that the solution to the mean curvature flow can't be extended over T , then |A| becomes unbounded as t → T . Since h ij ≥ −C, we get i,j (h ij + C) 2 ≤ C 3 [tr(h ij + C)] 2 , where C 3 is a constant depending only on n. On one hand, |A| 2 is unbounded implies that i,j (h ij + C) 2 is unbounded. On the other hand,
Thus H 2 is unbounded. Namely,
Choose an increasing time sequence t (i) , i = 1, 2, · · · , such that lim i→∞ t (i) = T . We take a sequence of points
Putting Q (i) = H 2 (x (i) , t (i) ), we have lim i→∞ Q (i) = ∞. This together with lim i→∞ t (i) = T > 0 implies that there exists a positive integer i 0 such that
is still a solution to the mean curvature flow on t ∈ [0, 1]. Since F t satisfies h ij ≥ −C for
jk are mean curvature and the second fundamental form of F (i) (t) respectively. The inequality in (15) gives that h
which implies that h . Also, since Q (i) → +∞ as i → ∞, we know that
jk ≤ C 4 , where C 4 is a constant independent of i. Set (M (i) , g (i) (t), x (i) ) = M, Q (i) g t−1
Q (i) + t (i) , x (i) , t ∈ [0, 1]. From [2] we know that there is a subsequence of (M (i) , g (i) (t), x (i) ) converges to a Riemannian manifold ( M , g(t), x), and the corresponding subsequence of immersions F (i) (t) converges to an immersion F (t) : M → R n+1 .
Since , where C 7 is a constant independent of i. By an argument similar to the proof of Theorem 1.2, we can get a contradiction which completes the proof of Theorem 1.3.
Finally we would like to propose the following Open question. Can one generalize Theorems 1.1, 1.2 and 1.3 to the case where the ambient space is a general Riemannian manifold?
